We developed the numerical procedures to evaluate the inverse functions of the complete elliptic integrals of the first and second kind, K(m) and E(m), with respect to the parameter m. The evaluation is executed by inverting eight sets of the truncated Taylor series expansions of the integrals in terms of m or of − log(1 − m). The developed procedures are (1) so precise that the maximum absolute errors are less than 3-5 machine epsilons, and (2) 30-40% faster than the evaluation of the integrals themselves by the fastest procedures (Fukushima 2009a (Fukushima , 2011 .
1. Introduction
Complete elliptic integrals of first and second kind
The complete elliptic integrals of the first and the second kind are defined [1, Section 19.2 
(i)] as
where m is called the parameter. They appear in various fields of mathematical physics and engineering [2, 3, 4, 5] . In discussing the real-valued integrals, we assume that m is in the standard domain, 0 ≤ m < 1. Refer to [6, 7] for the process to reduce the other cases to the standard one. See Figure 1 for the functional dependence of K(m) and E(m) on the parameter m in the standard domain.
Numerical computation of complete elliptic integrals
Many methods have been developed to compute the values of K(m) and/or E(m) when m is given. The popular iterative schemes are those using (1) the arithmetic-geometric mean [1, Section 19.8(i)], (2) the Landen transformation [8, 9] , (3) the Bartky transformation [10, 11] , or (4) the duplication theorems [12, 13] . They are useful in computing the integrals in arbitrary precision arithmetic.
For practical purposes, however, their Chebyshev approximations [14, 15, 16, 17, 18] are sufficient. Recently, we developed a method based on their Taylor series expansions [6] . It is as precise as the Chebyshev approximation and runs twice faster than that. Also, we extended it to the case of a general complete elliptic integral of the second kind, αK(m) + βE(m) [7] . The extended method is as precise as Bulirsch's cel2 and Carlson's rf and rd and runs 5-18 times faster than them.
Necessity of inverse complete elliptic integrals
In practical applications, we sometimes encounter with the inversion problem of K(m) or E(m), namely the determination of m when K(m) or E(m) is given. Especially, that of K(m) is required in estimating a physical quantity related to m from 4K(m), the observed period of a certain physical phenomenon expressed by the Jacobian elliptic functions, sn(u|m), cn(u|m), and dn(u|m) [1, Chapter 22] . A classic example of such phenomenon is the motion of a simple gravity pendulum [1, Section 22.19(i) ]. Another is the torque-free rotation of an asymmetrical rigid body [19] .
Outline of article
Despite such practical needs, the inversion problem of K(m) and E(m) has not been studied comprehensively. This might be due to their logarithmic singularity around m = 1. In this short article, we report a numerical method to invert the integrals by adopting the same approach in our previous work of their evaluation [6, 7] : the piecewise polynomial approximation based on the Taylor series expansion. In §2, we discuss the difficulties of the inversion problem and find a clue to resolve them. In §3, we present the details of the method we developed based on the hint we found in §2. In §4, we show the results of the numerical experiments in order to illustrate the computational error and the CPU times of the new method.
Consideration

Slow convergence of inverted Maclaurin series
If m is expected to be small, we may compute it by inverting the Maclaurin series expansion of the integrals by the Lagrange inversion theorem [ 
Their inversion series around K(0) = E(0) = π/2 are given as
where
One may obtain the higher order expressions by issuing a command in Mathematica [21] such as
The convergence of the hypergeometric series to compute K(m) and E(m) is slow when m increases [22] . The same is that of the inverted series. Figure 2 illustrates the order of these inverted power series needed to assure a certain level of accuracy, say 14 digits in this case, as functions of m. Apparently, they significantly increase according as m → 1. 
Difficulty in root finding
Another approach of the inversion is the application of a root finding algorithm [5, Chapter 9] to the defining equations
Although the precise and fast evaluation of K(m) and E(m) is established [6, 7] , it is not enough. We must find a robust and sufficiently accurate approximate solution such that the following repetition of the update formulas such as the Newton method surely converges. However, this is a difficult task. The feature of the curves depicted in Figure 1 support this conjecture. Also, the convergence of the iteration becomes slow when m ≈ 1 because the absolute magnitude of the derivatives of K(m) and E(m) grow infinitely when m → 1.
Logarithmic singularity
The difficulties explained in the previous subsections are caused by the logarithmic singularity of K(m) and E(m) at m = 1 [1, Formulas 19.12.1 and 19.12.2] . Their simple expressions around the singularity are given [7] as
where m c ≡ 1 − m is the complementary parameter and K 1 through E X are the quantities being regular around m c = 0 as
where q(m) is Jacobi's nome [1, Formula 19.5.5] . These are the base expressions of the Chebyshev approximations [14, 16] . 
Variable transformation
The asymptotic forms of the integrals around m = 1 shown in the previous subsection trigger us to change the main variable from m to p ≡ − log m c .
The domain of p is semi-infinite since p → +∞ when m → 1. However, its practical domain can be limited since we may set the meaningful maximum of p as p MAX ≡ − log where is the machine epsilon. It is at most a few tens as p MAX ≈ 16.6 and ≈ 36.7 in the single and the double precision environments, respectively. If m c is sufficiently small, say less than , we may retain only the leading terms in Eqs (9) and (10). Thus, we obtain an asymptotic expression of
This leads to the inversion in terms of p as
Namely, p is almost linear with respect to K when K is sufficiently large, say larger than 2. Figure 3 confirms this conjecture. In the case of E ≡ E(m), we must keep up to the first order terms in Eqs (11) and (12) . Then, we arrive at a little complicated expression as
We rewrite this as
The variability of the second term in the right hand side is relatively small as
when 0 < p < 36.7. Thus, we ignore its contribution and obtain a solution as p ≈ r.
This is a crude approximation. A better solution would be obtained by directly solving Eq. (16) with help of W −1 (x), the secondary branch of Lambert W -function [21] . Since the numerical evaluation of W −1 (x) is itself a difficult problem [23, 24, 25] , we do not go further in this direction. At any rate, Figure 3 indicates that K and r are almost linear with respect to p. Then, they may be candidates of the functions to be expanded in terms of the new variable, p.
Method
Strategy
Based on the discussions in §2, we developed a method to invert K and E with respect to m in the standard domain, 0 ≤ m < 1. Let us denote the inverted solutions by m K (K) and m E (E), respectively. They are defined as the functions to satisfy the relations
The key idea is splitting the integral value domain into two regions: that corresponding to not-so-large m, say less than 0.9 or so, and the rest.
In the former region, we approximate m by a piecewise polynomial of K or E. Each piece of the approximate polynomials is obtained by inverting the Taylor series expansion of K(m) and E(m) around a certain reference value of m. In the second region, we approximate p ≡ − log m c by a piecewise polynomial of K or r ≡ − log(E−1). Similarly, each piece of the approximate polynomials is obtained by inverting the Taylor series expansion of K(m(p)) and − log(E(m(p)) − 1) around a certain reference value of p where
Once p is obtained, we can numerically evaluate m by this relation.
In the double precision environment, we limit the order of the approximate polynomials less than 19. This is in order to reduce the typical computational time of the inverted solutions down to the level of that of elementary functions like exp. Under this restriction, we try to minimize the number of pieces by adjusting the reference values in terms of m or p.
After the approximate polynomials are fixed, we try to apply the Lanczos economization [5, Section 5.11] to them. Namely, we rewrite each piece of them into a finite series of the Chebyshev polynomials of the first kind [26] . Except the cases near the singularity, the magnitude of the series coefficients smoothly decreases according as the degree of the Chebyshev polynomial. In that case, by removing the Chebyshev polynomials of some highest degrees from the series, we can reduce the degree of the original approximate polynomials significantly while keeping their precision practically unchanged.
It is well known that the finite linear sum of the Chebyshev polynomials can be efficiently evaluated by Clenshaw's summation algorithm [26, Section 3.2] . See also [27, Section 3.7] . Nevertheless, the fastest evaluation is achieved by Horner's method of the power series expanded around the middle point of the defining interval. The coefficients of the rearranged power series are rigorously obtained from the Chebyshev polynomial coefficients by a conversion procedure such as given in Appendix A.2.
In place of the economized power series, however, we present here the Chebyshev polynomial coefficients such that one can truncate them at an arbitrary precision. This will be useful to construct the single precision procedures. Skipping the details, we show the final results below.
Case of small parameter
When the solution m is not expected to be large, say less than 0.9 or so, we evaluate m K and m E by their piecewise approximate polynomials derived from the inverted Taylor series expansions. The piecewise polynomials consist of four polynomials corresponding to the four sub domains of the integral values denoted by A, B, C, and D. Table 1 shows the integral values to separate these sub domains. For example, as m K , we use the approximate polynomial obtained in the sub domain A if K A ≤ K < K B , that in the sub domain B if K B ≤ K < K C , and so on.
In constructing the piecewise polynomials, we set m 0 , the reference value of m in each sub domain, as 0.2, 0.5, 0.7, and 0.85 for K and 0.2, 0.5, 0.7, and 0.83 for E. In each sub domain, we first obtained the approximate polynomials in the form of truncated Taylor series such as
where K 0 ≡ K (m 0 ) is the reference integral value. We determined the power series coefficients, a n , by issuing commands of Mathematica [21] like
which gives those of m K in the sub domain A.
Next, we examined the errors of the piecewise polynomial, m K (K) or m E (E), by comparing the corresponding integral values, K (m K (K)) or E (m E (E)), with the original input values of K or E, respectively. We conducted the comparison in the quadruple precision by using qcel, the quadruple precision extension of Bulirsch's cel [11] . In the errors of some pieces, we found a constant offset of the order of a few machine epsilons. It seems to be caused by the accumulation of round-off errors in the inversion process. At any rate, we adjusted a 0 in that case.
Third, by taking the balance between the measured errors of the approximate polynomials obtained in the adjacent sub domains, we determined their separation values in terms of m as 0.365, 0.600, 0.773, and 0.898 for K and 0.375, 0.614, 0.786, and 0.881 for E. These are translated into the corresponding integral values as K B = K(0.365), · · ·, K E = K(0.898), and E B = E(0.375), · · ·, E E = E(0.881). They are listed in Table 1 together with the lower end values,
Finally, we transformed the obtained polynomials into the finite sum of Chebyshev polynomials as
where N is the degree of the obtained polynomial, T n (t) is the Chebyshev polynomial of the first kind of degree n [1, Table 18 .3.1], and c n is its n-th coefficient. Appendix A.1 describes an algorithm to do the conversion from a n to c n . Notice that we define the zeroth coefficient, c 0 , without the divisor 2. This is different from the definition of the Chebyshev expansion in some literatures [26, 5, 27] . Meanwhile, the argument of the Chebyshev polynomials, t, which is in the range [−1, +1], is computed from the integral values such as
are the transformation coefficients determined from K U and K L , the upper and lower ends of the sub domain. These end values are already listed in Table 1 . We conducted exactly the same treatment for E. The resulting Chebyshev polynomial coefficients and the transformation coefficients are explicitly given in Tables 2 and 3 for m K and m E , respectively.
Case of large parameter
If K ≥ K E or E ≤ E E , the parameter m becomes significantly large, say larger than 0.89 or so. In that case, we approximate p ≡ − log m c by its piecewise polynomial in terms of K or r ≡ − log(E − 1). In constructing the piecewise polynomials, we set p 0 , the reference value of p in each sub domain, as 3.3, 6.0, 10.5, and 17.6 for K and 1.8, 4.2, 8.0, and 15.0 for r. In each sub domain, the approximate polynomials are written as
where 
where T n is the Chebyshev polynomial of the first kind of degree n. Also, we listed a and b, the transformation coefficients from K to t, the argument of Chebyshev polynomials, such that t = a(K − b). All the values are shown with a few more digits than necessary in the double precision computation. This is in order to avoid the round-off errors in the implementation. which gives the coefficients of p E for p 0 = 1.8. After constructing the approximate polynomials, we again examined their errors by using qcel, and determined the separation values in terms of p as 4.45, 7.95, and 14.63 for K and 3.1, 6.0, and 11.2 for E. These are translated into the corresponding function values as
2 ), and r E = − log (E E − 1), · · ·, and r H = − log (E H − 1). They are already listed in Table 1 .
For the sub domains E and F, we again transformed the obtained polynomials into the form of the series of Chebyshev polynomials such as
where the transformation of argument becomes
with the transformation coefficients defined as
where r U and r L are the upper and lower ends of the sub domain in terms of r, which are already listed in Table 1 . The Chebyshev polynomial coefficients and the transformation coefficients are explicitly given in Tables 4 and 5 .
Noting that ∆m ≈ e −p ∆p, we may truncate the Chebyshev expansion in terms of p earlier than that in terms of m.
Case near the singularity
For the sub domains G and H, we find that the Lanczos economization is not effective in reducing the computational labor. Of course, one may execute the transformation into Chebyshev polynomial series. For the sub domain G, which is semi-infinite, this is practically feasible by setting the upper end as K I = +19.755 or r I = +34.472, which roughly corresponds to the numerical value of K or E when m = 1 − double where double ≡ 2 −53 ≈ 1.11 × 10 −16 is the double precision machine epsilon.
However, we learn that the decreasing manner of the magnitude of the resulting coefficients of the Chebyshev polynomials is quite slow. This is because the minimax type approximation with respect to p does not guarantee a uniform error distribution in terms of m since ∆m ≈ e −p ∆p. Therefore, we abandon the economization and present the original Taylor series themselves in Tables 6 and 7 . We truncated them such that the numbers of terms are the necessary minimum to assure the maximum of |∆m| remain at the level of double .
Numerical Experiments
Let us examine the computational cost and performance of the method described in the previous section. The absolute errors of m obtained by the method in the double precision environment are illustrated in Figs 4 and 5. They are measured by using qcel, the quadruple precision extension of Bulirsch's procedure to evaluate the general complete elliptic integral [11] . Table 6 : Taylor series coefficients of p K : sub domains G and H. Listed are the coefficients of the power series expression as
G H n a n a n 0 +10.500000000000 +17.600000000000 1 +2.0001414497655 +2.0000001973566 2 −1.
+2.02555E−8 6 −3.2468658E−6 −6.2470E−9 7 +7.573936E−7 +1.6406E−9 8 −1.476109E−7 −3.74E−10 9 +2.383963E−8 +7.5E−11 10 −3.07883E−9 −1.3E−11 11 +2.83187E−10 12 −9.125E−12 13 −2.572E−12 14 +5.45E−13 15 −3.E−14 16 −2.E−14 17 +6.2E−15 K 0 +6.6363331625866755 +10.186294413299100 Table 7 : Taylor series coefficients of p E : sub domains G and H. Same as Table 6 but for p E expressed as p E = N n=0 a n (r − r 0 ) n where r ≡ − log(E − 1). G H n a n a n 0 +8.000000000000000000 +15.00000000000000000 1 +1. More specifically speaking, we first prepare m in the quadruple precision environment. Next, we compute K(m) and E(m) in the quadruple precision by qcel as
Third, we compute the double precision values of m K and m E from the double precision value of K(m) and E(m) using the procedures described in the previous section, namely the finite series of the Chebyshev polynomials in the sub domains A through F and the inverted Taylor series in the sub domains G and H. Finally, we take the difference of m K and m E from the original m in the quadruple precision environment. Figs 4 and 5 show that, in the double precision computation, the magnitude of the absolute errors of m K and m E are less than 3 and 5 machine epsilons, respectively.
On the other hand, Table 8 compares the CPU time of the fastest procedures to compute K(m) or E(m) [6, 7] as well as the procedures to obtain m K (K) and m E (E) using Horner's method to evaluate the economized or original power series. The coefficients of the economized power series are obtained from the tables in the previous section by the conversion procedure described in Appendix A.2. The CPU times are averaged for 2 26 grid points evenly distributed in the parameter domain, 0 ≤ m < 1. The measurements are conducted at a PC with an Intel Core i7-2675QM run at 2.20 GHz clock under Windows 7. Table 8 shows that the procedures to compute the inverse functions of K(m) and E(m) are 30 and 40 % faster than those to compute themselves [6, 7] , respectively. This is mainly due to the faster convergence of the inverted Taylor series than the Taylor series and partly due to the Lanczos economization of the polynomial expressions. Target Procedure Reference CPU time
This article 55
This article 58
Conclusion
We developed the numerical procedures to compute m K (K) and m E (E), the inverse complete elliptic integrals of the first and the second kind, K ≡ K(m) and E ≡ E(m), in the double precision environment, respectively. The key idea of the procedures is splitting the integral value domain into two regions: that corresponding to not-so-large m, say smaller than 0.9 or so, and that near the logarithmic singularity, m = 1. In the former region, we obtained a piecewise power series approximation of the inverse functions by using the inverted Taylor series expansion with respect to m. In the latter region, we (1) changed the main variable from m to p ≡ − log(1 − m), (2) regarded K or r ≡ − log(E −1) as a function of p, and (3) inverted the Taylor series of K and r with respect to p. The resulting piecewise polynomials consist of four polynomials for each region. Their selection rules are determined from the error measurement of the obtained polynomials by means of the quadruple precision computation of the integral values. Except for the two sub domains near the singularity point, m = 1, we rearranged the polynomial expressions into the finite series of Chebyshev polynomials such that one may truncate them at an arbitrary level of precision. This makes easy to obtain the single precision procedures. Thanks to the effectiveness of the policy of divide-and-rule, the developed procedures are so precise that, in the double precision environment, the maximum absolute error of m K and m E is less than 3 and 5 machine epsilons, respectively. Also, the procedures run significantly faster than the fastest procedures of the integral value computation [6] . 
The latter is simplified when n = 2 [27, Eq.(3.34)] as
Instead of evaluating these expressions, we compute T n by recursion as 
in terms of the coefficients. The recursion consists of integer operations only, and therefore it suffers no round-off errors when n is sufficiently small, say less than 30 when using the 4 byte integers. Also, its execution is fairly fast. Using T n , we obtain a transformation formula from {c n } to {a n } as
This is simplified when n = 0 as
Usually the magnitude of c n is monotonically decreasing with the index, n. Then, we execute the summation in the above transformation formula in the reverse order, i.e. the order decreasing . This trick significantly suppresses the accumulation of round-off errors in the transformation procedure. This is the reason why we prepare the coefficient matrix, T n , at the cost of additional memory. For the readers' convenience, we present a double precision Fortran subroutine to do the transformation in Table A.9. where the coefficients B n are explicitly written as B 00 = 1, (A.13)
n .
(1 ≤ n, 0 ≤ ≤ n/2 ) (A.14)
These coefficients are finite fractions in the binary machines, and therefore can be expressed without round-off errors when n is sufficiently small, say less than 50 in the double precision environment. Again, we prefer computing them by recursion as We anticipate that the magnitude of a n is also monotonically decreasing with the index, n. Then, we again execute the summation in the transformation formula in the reverse order.
As for the most important coefficient, c 0 , we adopt a different approach. We solve the expression of a 0 , Eq.(A.11), with respect to c 0 . Then, using thus-computed coefficients c n for n = 0 and a 0 , we evaluate the solution form of c 0 by Horner's method as where M ≡ 2 N/2 . This technique further reduces the accumulation of round-off errors. Table A. 10 lists a double precision Fortran subroutine to do the transformation. We used its quadruple precision extension in deriving the tables in the main text. 
